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Abstract

The performance of systems that exhibit repetitive disturbances can be significantly improved using repetitive control. If the
repetitive disturbance is periodic with respect to time, perfect asymptotic disturbance rejection can be achieved by well known
methods. However, many systems have a repetitive nature with respect to a variable other than time. For this type of systems,
we propose a delay-varying repetitive control (DVRC) method, which employs a time-varying delay in the repetitive controller
that is continuously adjusted based on the repetitive variable. An H∞ norm-based criterion is derived that guarantees stability
of the time-varying delay system for a given range of variations of the repetitive delay. The strengths of this new repetitive
control scheme are shown by applying it to a nano-motion stage driven by a walking piezo actuator.
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1 Introduction

The performance of systems that perform repetitive
tasks or that are subject to repetitive disturbances can
be improved significantly using repetitive control (RC).
In most available RC methods it is assumed that the
disturbances are periodic with respect to time. This
leads to a fixed value for the repetitive delay in the
memory loop of RC, for which guaranteed properties
can be obtained [5,7,8]. However, many systems have a
repetitive nature with respect to another variable than
time. Existing RC schemes with a constant repetitive
delay are not applicable in these circumstances.

Several solutions for the application of RC to systems
that are subject to repetitive disturbances with a slowly
varying period with respect to time have already been
proposed in literature [1,2]. In contrast with [1,2], the
adaptive RC scheme proposed in [6] does not change the
sampling frequency, but adapts the delay in the mem-
ory loop based on a physical model of the time-varying
character of the repetitive delay. Since the variation is
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assumed to be slow in time, the delay is adjusted at a
fixed rate that is much less than the controller sampling
rate. Unfortunately, no stability guarantees are given for
these cases. In addition, the assumption on the slow vari-
ation of the period is not valid in various applications,
including the walking piezo actuator in this paper.

An alternative method is high-order RC, which uses
multiple memory loops to provide robustness against
small variations in the period-time of repetitive distur-
bances [3,12,13]. Another line of research considers sys-
tems that exhibit spatially repetitive disturbances, e.g.,
disturbances that are periodic with respect to a rotation
angle in motor/gear transmission systems [4] and inter-
nal combustion engines [15]. Transformation of these sys-
tems to the rotational-angle domain renders the delay
constant in the new independent variable being the ro-
tation angle. However, the design of stabilizing feedback
controllers becomes very complicated since the trans-
formed systems are nonlinear.

In this paper, we propose a novel method called delay-
varying repetitive control (DVRC) for systems that have
a repetitive variable other than time. DVRC makes use
of a measured or observed repetitive variable, e.g., the
angular orientation of the legs in the walking piezo ac-
tuator, to adjust the repetitive delay in the RC scheme.
The proposed method overcomes many of the mentioned
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drawbacks of existing schemes, e.g., it is applicable in
real-time at a fixed sampling-time and it can cope with
fast and large variations in the repetitive delay. As the
resulting closed-loop system is time-varying in nature, a
formal stability analysis is required. A stability proof of
DVRC is given incorporating time-varying delays, lead-
ing to frequency domain design criteria for the learning
filters. Note that although design methods for robust RC
are available [10,17–19], robustness to varying delays has
not been considered in the RC literature. The proposed
DVRC method is applied to a walking piezo actuator,
used to drive a nano-motion stage, which show the sig-
nificant improvement of DVRC compared to standard
RC.

2 Repetitive control

RC is applied to control loops in which repetitive dis-
turbances and/or references are present. The repetitive
nature of the disturbances (and references) means that
these disturbances are periodic with respect to some
variable α in the system. In standard RC schemes [5,7,8]
this repetitive variable α is the (continuous) time t,
meaning that the repetitive disturbances dr are periodic
with respect to time, i.e., dr(t+Pα) = dr(t) for all t ∈ R+

and some Pα ∈ R+, called the repetitive period. In a
discrete-time implementation one normally chooses the
sampling time Ts of the controller such that Pα = TsN ,
with N ∈ N the number of samples corresponding to the
repetitive period. To suppress the periodic disturbances
in time, a memory loop is included in the discrete-time
repetitive controller using a constant delay ofN samples.

To explain standard RC, in which the repetitive variable
α is equal to time, consider the schematic representation
of a feedback controlled SISO system with RC as shown
in Fig. 1, where G(z) denotes the transfer function of
a linear time-invariant discrete-time system with input
u and output y. The feedback controller is denoted by
K(z). The tracking error is given by e = r − y, where
r is the reference. The repetitive controller M(z, α) is
depicted within the dashed block, in which L(z) is the
learning filter with a delay of ld samples and Q(z) is
the linear-phase robustness filter with a time delay of qd
samples. Since in standard RC the repetitive variable α
is time, the repetitive delay, denoted in Fig. 1 by z−N(α),
is constant, i.e., N(α) = N = Pα/Ts (samples).

For standard RC with a constant repetitive delay N , the
transfer function of the repetitive controller M(z, α) =
M(z), i.e., the transfer function between the tracking
error e and the output w, equals

M(z) =
W (z)
E(z)

=
L(z)Q(z)z−(N−ld−qd)

1−Q(z)z−(N−qd)
, (1)

where W (z) and E(z) are the z-transforms of the time
signals w and e, respectively. The sensitivity function
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Fig. 1. Block diagram of a DVRC setup.

S(z), relating the disturbances d to the tracking error e
is given by

S(z) =
E(z)
D(z)

=
1

1 +G(z)K(z)(1 +M(z))
. (2)

Substitution of (1) in (2) gives S(z) = S̄(z)Ms(z), where
S̄(z) = (1 + G(z)K(z))−1. The modifying sensitivity
function Ms(z) [3] is given by

Ms(z) =
1−Q(z)z−(N−qd)

1−Q(z)z−(N−qd)
(
1− T̄ (z)L(z)z+ld

) , (3)

where T̄ (z) = G(z)K(z)/(1 +G(z)K(z)) is the comple-
mentary sensitivity function without RC.

2.1 Stability when the repetitive variable is time

For a constant delay of N samples, the stability of the
system in Fig. 1 is guaranteed if the following two con-
ditions are fulfilled [14]:

(1) the sensitivity S̄(z) has all poles in the open unit
circle of the complex plane, and

(2) for all z ∈ C with |z| = 1

|Q(z)
(
1− T̄ (z)L(z)z+ld

)
| < 1. (4)

These conditions follow from small gain arguments by
considering Fig. 1 as the feedback interconnection of
H(z) = Q(z)z−ld(1− T̄ (z)L(z)z+ld), being the transfer
function from v to q, and a contant delay block z−N , for
which |z−N | = 1 for all z ∈ C with |z| = 1.

2.2 Filter design when the repetitive variable is time

From the criterion (4) it follows that a straightforward
choice for the learning filter is the inverse of the com-
plementary sensitivity function, i.e., L(z) = T̄−1(z).
In case an exact proper and stable inverse cannot
be obtained, e.g., when T̄ (z) is non-minimum phase
and/or non-proper, an approximation of the inverse is
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made, e.g., using the zero-phase-error-tracking-control
(ZPETC) method [16].

For the determination of the fixed delay value N , the
tracking error e containing the repetitive disturbances
dr is measured without RC. From the spectrum of e, the
repetitive period Pα can be determined as the lowest
harmonic in the signal. The fixed delay value then follows
as N = Pα/Ts, as discussed before.

The Q-filter is designed to account for mismatches be-
tween L(z) and T̄−1(z). For standard RC with a fixed
delay, the Q-filter is designed such that the criterion (4)
is fulfilled. The Q-filter is constructed to have a linear
phase of qd samples, which are compensated by remov-
ing qd samples from the memory loop. The filtering with
the Q-filter will then effectively have a zero-phase [14].
The introduced time delay of the L and Q-filters can be
compensated for in the memory loop of N samples (see
Fig. 1) by reducing the delay to N − qd − ld samples in-
stead of N . In this way the total delay in the memory
loop of RC is equal to N samples, as desired.

At low frequencies the performance of the DVRC scheme
is determined by how close L(z) resembles T (z)−1. The
design of the Q-filter, required in order to meet the cri-
terion (4), determines the frequency up to which the
learning scheme is effective.

3 Delay-varying repetitive control

3.1 Problem formulation

In many practical situations disturbances are periodic
with respect to other variables α than time, e.g., an-
gles in rotating systems or the angular orientation of
the piezo legs in the walking piezo actuator of Section 5.
The only properties that we impose on the repetitive
variable α is that it is strictly increasing in time 1 and
that the relevant disturbances dr(α) are periodic in α:
there is a Pα ∈ R+ called the repetitive period such that
dr(α+Pα) = dr(α) for all α ∈ R+. Clearly, variations in
the rate α̇ result in disturbances that are not fully repeti-
tive in time. To suppress these types of disturbances, we
propose an alternative RC scheme, referred to as delay-
varying repetitive control (DVRC). The rate-variation
of the repetitive variable α is incorporated in the scheme
by making the repetitive delay time-varying as N(α(t)).

The assumption that the repetitive variable α is strictly
increasing in time and α(0) = 0 2 guarantees that there
is a one-to-one correspondence between the repetitive

1 In case α is strictly decreasing one can take −α as the
repetitive variable.
2 In case α(0) = a 6= 0 the same reasoning applies by re-
placing α by α̃ with α̃(t) = α(t)− a, t ∈ R+.

variable α ∈ R+ and the (continuous) time t ∈ R+.
Hence, for each value of α(t) there is a unique corre-
sponding time t = α−1(α(t)), where α−1 : R+ → R+ de-
notes the inverse function of α. Clearly, t = α−1(θ) ∈ R+

is the time at which the repetitive variable α attains the
value θ ∈ R+. The time-varying delay N(α(t)) ∈ R+ in
z−N(α(t)) at time t ∈ R+ is equal to

N(α(t)) = t− α−1(α(t)− Pα) for α(t) ≥ Pα (5)

in continuous time. The calculated delay N(α(t)) is the
elapsed time between the current time t (at which the re-
petitive variable is equal to α(t)) and the time at which
the repetitive variable α was exactly one repetitive pe-
riod Pα less than α(t).

In a discrete-time implementation with sampling time
Ts > 0 as used here, all signals including the repetitive
variable α are considered at discrete times kTs, k ∈ N.
To accommodate for this discrete nature in (5), we de-
termine at each sample k the sample index k∗ ∈ N at
which α is closest to α(kTs)− Pα, which is given by

k∗(α(kTs)) = arg min
l∈N

(α(lTs)− α(kTs) + Pα)2 . (6)

The time-varying delay as in (5) can now be approxi-
mated as

N(αk) = k − k∗(αk) for αk ≥ Pα, (7)

where αk = α(kTs).

3.2 Design procedure for DVRC

To design the DVRC scheme the following procedure can
be used.

(1) Determine the repetitive variable α and the repe-
titive period Pα. The repetitive delay N(αk) is on-
line determined as in (7), which results in the im-
plementation of the time-varying delay z−N(αk) at
k ∈ N.

(2) The complementary sensitivity T̄ (z) is not effected
by the time-varying delay z−N(αk). The learning fil-
ter L(z) for DVRC can therefore be designed anal-
ogous to standard RC in such a way that L(z) is
close to T̄−1(z).

(3) Let the time-varying delay N(α) satisfy N(αk) ∈
[m,M ]∩N, for k ∈ N, where m ∈ N and M ∈ N de-
note the minimum and maximum repetitive delay,
respectively. To guarantee stability of the DVRC
scheme with time-varying delay N(α), the linear-
phase Q-filter is designed to fulfill the following:
(a) S̄(z) has all poles in the open unit circle of the

complex plane, and
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(b) for all z ∈ C with |z| = 1

|Q(z)
(
I − T̄ (z)L(z)z+ld

)
| < 1√

M −m+ 1
. (8)

Note that criterion (4) is not valid anymore to guarantee
stability of DVRC due to the time-varying delay. The
sufficiency of (8) for stability is proven next.

4 Stability analysis

In this section, it is proven how (8) is related to guaran-
teeing stability of the RC scheme when the repetitive de-
lay lies in a given range, i.e., Nk := N(αk) ∈ [m,M ]∩N,
where m,M ∈ N with 0 ≤ m ≤ M . If we ignore the
external signals d and r for the moment, the system in
Fig. 1 can be represented as the feedback interconnec-
tion of the discrete-time system

xk+1 = Axk +Bvk; qk = Cxk (9a)

and the varying delay block

vk = qk−Nk
, (9b)

where xk ∈ Rnx is the state and vk ∈ Rnv and
qk ∈ Rnq with nv = nq are the interconnection
variables at discrete time k ∈ N. System (9a) is a
state space representation of the transfer function
H(z) = Q(z)z−ld

(
1− T̄ (z)L(z)z+ld

)
between v and q

in Fig. 1. Hence, Fig. 1 (with r = d = 0) reduces to
Fig. 2 using this perspective.

The varying delay block (9b) can also be written in state
space notation as

ζk+1 =



0 0 0 . . . 0 0

Inq
0 0 . . . 0 0

0 Inq
0 . . . 0 0

...
...

...

0 0 . . . 0 Inq 0


ζk +



Inq

0

0
...

0


qk, (10a)

vk =
[
Γ1(Nk) . . . ΓM (Nk)

]
ζk + Γ0(Nk)qk (10b)

with ζk = (qTk−1, . . . , q
T
k−M )T and for i = 0, 1, . . . ,M

The matrix Γi(N) = Inq when N = i, and Γi(N) = 0
when N 6= i. Here, Im denotes the identity matrix of
dimension m × m. Although in the setup in Fig. 1 all
signals are scalar valued (i.e., nq = nv = 1), we present
the stability for MIMO plants for reasons of generality.

Definition 1 [`2 gain] A discrete-time system

xk+1 = f(xk, Nk, vk); qk = g(xk, Nk, vk), (11)

q
H(z)

z−N(α)

v

Fig. 2. Feedback interconnection of a system H(z) with a

time-varying delay z−N(α).

with state xk, (disturbance) input vk, parametric uncer-
tainties Nk and output qk at discrete time k ∈ N is said
to have a (robust) `2 (induced) gain of γ for uncertainties
in Υ, if γ is the minimal (or infimal) value of γ̃ satisfying
for any input sequence {vk}k∈N with

∑∞
k=0 ‖vk‖2 < ∞

and any sequence {Nk}k∈N of uncertainties withNk ∈ Υ,
k ∈ N, the inequality

∞∑
k=0

‖qk‖2 ≤ γ̃2
∞∑
k=0

‖vk‖2,

where {qk}k∈N is the corresponding output sequence with
initial condition x0 = 0.

Theorem 2 The following statements are equivalent:

(1) The linear system (9a) has `2 gain smaller than γ.
(2) The H∞ norm ‖H(z)‖∞ := supz∈C,|z|=1σ̄(H(z))

withH(z) = C(zI−A)−1B is smaller than γ, where
σ̄ denotes the maximum singular value.

(3) There exist a matrix P and a β ≥ 1
γ satisfying[

P −ATPA− β2CTC −ATPB
−BTPA I −BTPB

]
� 0 and P � 0.

(12)

Now we provide a (tight) upper bound on the `2 gain of
the time-varying delay system (10).

Theorem 3 Consider the delay system (9b) given by
vk = qk−Nk

that can be represented in a state space real-
ization as in (10). Let the varyingNk, k ∈ N be contained
in [m,M ] ∩ N with m,M ∈ N and m ≤ M . The `2 gain
of the delay system (10) with disturbance set [m,M ]∩N
is equal to

√
M −m+ 1.

Proof: We will prove that the system (10) has

W (ζk) :=
M∑

i=m+1

(M−i+1)‖qk−i‖2+
m∑
i=1

(M−m+1)‖qk−i‖2

as a storage function for the supply rate s(qk, vk) = (M−
m+ 1)‖qk‖2 − ‖vk‖2, i.e.

W (ζk+1)−W (ζk) ≤ (M −m+ 1)‖qk‖2 − ‖vk‖2 (13)

for all k ∈ N. By standard arguments, this implies that
the `2 gain of the delay system (10) with disturbance set
[m,M ] ∩ N is smaller than or equal to

√
M −m+ 1.
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To prove (13), consider

W (ζk+1)−W (ζk) =
M∑

i=m+1

(M − i+1)‖qk+1−i‖2 +
m∑
i=1

(M −m+1)‖qk+1−i‖2

−
M∑

j=m+1

(M − j + 1)‖qk−j‖2 −
m∑
j=1

(M −m+ 1)‖qk−j‖2

l:=i−1=
M−1∑
l=m

(M − l)‖qk−l‖2 +
m−1∑
l=0

(M −m+ 1)‖qk−l‖2

−
M∑

j=m+1

(M − j + 1)‖qk−j‖2 −
m∑
j=1

(M −m+ 1)‖qk−j‖2

= (M −m+ 1)‖qk‖2 −
M∑
l=m

‖qk−l‖2

≤ (M −m+ 1)‖qk‖2 − ‖vk‖2,

where in the last inequality we used that vk = qk−Nk
for

some Nk ∈ {m,m + 1, . . . ,M} (see (9b)). This shows
that the `2 gain is smaller than or equal to

√
M −m+ 1.

In [11] it is shown that the `2 gain of the time-varying de-
lay system (10) is larger than or equal to

√
M −m+ 1.

Hence, the `2 gain is equal to
√
M −m+ 1, thereby com-

pleting the proof. �

Based on Theorem 3, we can prove the following stability
result for the closed-loop system (9) including an explicit
construction of a Lyapunov function.

Theorem 4 Consider system (9a) with A Schur and
`2 gain strictly smaller than 1√

M−m+1
for m,M ∈ N

and m ≤ M . Then the system (9) with time-varying
Nk ∈ [m,M ]∩N, k ∈ N is globally asymptotically stable.

Proof: Take the Lyapunov function candidate
V (ξk) = V̄ (xk) + W (ζk) with V̄ (xk) = xTk Pxk and P
satisfying (12) for some β2 > M −m+ 1 and W (ζk) as
in the proof of Theorem 3. Hence, using the inequality
in the proof of Theorem 3 and the fact that due to (12)
we have that V̄ (xk+1)− V̄ (xk) ≤ −β2‖qk‖2 + ‖vk‖2 for
all k ∈ N, we obtain for all k ∈ N

V (ξk+1) − V (ξk) ≤ (M −m + 1)‖qk‖2 − β2‖qk‖2.

Since β2 > M −m+ 1, this gives

V (ξk+1)−V (ξk) ≤ −(β2− (M −m+ 1))‖qk‖2, (14)

which directly proves Lyapunov stability of the closed-
loop system (9). Indeed, (14) proves Lyapunov stabil-
ity as V (ξk+1) ≤ V (ξk) for all k ∈ N and c1‖ξ‖2 ≤
V (ξ) ≤ c2‖ξ‖2 for all ξ for some 0 < c1 ≤ c2. To
show that limk→∞ ξk = 0, note that by summing (14)

for k = 0, 1, . . . , ` we obtain that V (ξ`+1) − V (ξ0) ≤
−α∑`

k=0 ‖qk‖2 with α := β2 − M + m − 1 > 0 and
thus

∑∞
k=0 ‖qk‖2 ≤ 1

αV (ξ0). This implies that qk → 0
(k → ∞) and due to (9b) also that vk → 0 (k → ∞).
Since A is Schur, this yields that limk→∞ xk = 0 and
thus limk→∞ ξk = 0. �.

The above result shows that the size of the variation in
the delay determines the requirement on the H∞ norm
(`2 gain) of the linear system, not the (absolute) size of
the delay itself. Actually in case there is no variation in
the delay (so m = M) it suffices for closed-loop stabil-
ity to have A Schur and a H∞ norm ‖H(z)‖∞ strictly
smaller than 1, which recovers the original conditions
(4) for the standard RC scheme with constant repeti-
tive delay. TheH∞ norm conditions become more strin-
gent if the delay is time-varying. In a similar manner as
above it can also be shown that under the hypotheses of
Theorem 4 the closed-loop system (9) is bounded-input
bounded-output (BIBO) stable and input-to-state sta-
ble (ISS) when external inputs are present (e.g., the ref-
erences r and d as in Fig. 1), see [11] for more details.
The Lyapunov function constructed in the proof of The-
orem 4 plays an important role in this analysis.

Remark 5 Alternative frequency domain characteriza-
tions for stability of discrete-time delay systems as in
(9) are given in [9], although not in a form (8). In ad-
dition, these characterizations are in certain situations
more conservative than our H∞ based conditions [11].

5 Application to nano-motion stage

5.1 Nano-motion stage

The nano-motion stage (Fig. 3) is driven by a walking
piezo motor, which consists of four bimorph piezoelec-
tric drive legs. The drive pads of the legs are pressed
against the drive strip of a one degree-of-freedom (DOF)
stage using a motor suspension and preload springs such
that the (xm, ym, zm)-axes of the motor coincide with
the (x, y, z)-axes of the stage. The position of the stage
is measured using an optical incremental encoder with
a resolution of 0.64 nm. The movement of the back of
the motor housing in ym-direction is measured using a
capacitive sensor with a resolution of 0.44 nm.

The drive legs of the walking piezo motor employ a bi-
morph principle (Fig. 4) through two electrically sep-
arated piezo stacks. In Fig. 4 it can be seen that the
piezo legs are driven by four independent waveforms
Vi(t) (V), i ∈ {1, 2, 3, 4}. Each pair of piezo legs, p1 =
{A,D} and p2 = {B,C}, is driven by two waveforms.
For more details see [11].

The repetitive variable α for the walking piezo actuator
is the angular orientation of the legs on the tip trajec-
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Fig. 4. Working principle of the walking piezo motor with leg
trajectories for sinusoidal waveforms Vi(t), i ∈ {1, 2, 3, 4}.

tory. The repetitive period equals Pα = 2π rad, i.e., one
complete cycle of the piezo legs.

5.2 Control configuration

The shape of the tip trajectories of the legs is fixed
and described by the electric waveforms to the piezo
motor, with input the angular orientation of the drive
legs α(t). For feedback control, the angular frequency
α̇(t) = 2πfα(t) of the legs fα (Hz) is chosen as the
control input to the system, i.e., u(t) = fα(t) in
Fig. 1. The output of the system is the stage position
xs(t). Using a measured frequency response function
(FRF) from the angular frequency fα(t) (Hz) to the
stage position xs(t) (nm), the feedback controller and
the learning filters are designed. First, a parametric
model containing a pure integrator, two resonances and
one anti-resonance is fitted to the measured FRF as
Ĝ(s) = 2π

s
c

s2+2πfp1bp1s+(2πfp1)2
s2+2πfz1bz1s+(2πfz1)

2

s2+2πfp2bp2s+(2πfp2)2
,

where c = 14.9 · 109, fp1 = 527 Hz, bp1 = 0.033,
fz1 = 624 Hz, bz1 = 0.02, fp2 = 650 Hz and bp2 = 0.175.
The measured system FRF shows a time delay of 0.75
ms, which is caused by calculational, sampling and
quantization effects. The delay is incorporated in the

model Ĝ after discretization by multiplying the discrete
model by a discrete-time delay z−3.

The system of Fig. 3 has an inherent nonlinearity since
the output xs(t) contains for a constant input drive fre-
quency fα(t) repetitive components with other periods
than 1/fα (s). This nonlinearity is caused by the har-
monic components in the waveform generation [11], re-
sulting in a repetitive movement of the drive legs. The
disturbances introduced by the walking movement are
fully repetitive with respect to the angular orientation α.
The system is considered to be composed of a linearized
system model Glin(z) = Xs(z)/Fα(z), which is used for
the feedback control, and a nonlinear disturbance gener-
ating model, which generates the repetitive disturbance
dr(α) = gnlin(α) (see [11] for more details).

A continuous-time controller K(s) is designed using
loopshaping techniques as K(s) = k s+2πfzc

s , where the
gain k = 2.8 · 10−3 and the fzc = 5 Hz, resulting in a
closed-loop bandwidth fBW = 5 Hz. The controller
is then discretized using a Tustin discretization at a
sampling frequency of fs = 4 kHz.

5.3 Learning filters DVRC

The tracking error for an experiment with a reference
velocity ṙ = 10 µm/s shows on the first sight a repe-
titive structure. The power spectral density (PSD) of a
part of the repetitive error shows that on average over a
larger time span a base repetitive frequency of 1.98 Hz
is present, which corresponds to N = 2020 samples for
a sampling frequency of fs = 4 kHz. However, a closer
look shows that the period-time of the repetitive distur-
bances is not constant over time as can be seen in Fig. 5.
The repetitive delay N(α) shows for t > 40 s, i.e., af-
ter the transient response, a fast variation in the range
N(α) ∈ [2006, 2029] samples. The amount of variation,
i.e., M−m in Section 4, is a function of the reference ve-
locity. Therefore, the Q-filter should be designed for the
worst-case range of variation in N(α) over all relevant
references. For the working range of the nano-motion
stage of Fig. 3 with velocities ranging from nanometers
per second to millimeters per second the worst case vari-
ation in repetitive delay equals M −m = 180 samples.

The learning filter L(z) is derived as a proper, stable ap-
proximation of the inverse of the complementary sensi-
tivity function T̂ (z) = Ĝ(z)K(z)/(1 + Ĝ(z)K(z)) using
the ZPETC method [16], i.e., L(z)T̂ (z) ≈ 1.

For a variation in the repetitive delay of M − m =
180 samples, the H∞ norm bound in the stability crite-
rion (8) equals 1√

M−m+1
= 1/

√
181 = −22.6 dB (black,

dashed line in Fig. 6). The criterion (8) without Q-filter,
shown in Fig. 6 by the black solid line, exceeds the al-
lowed H∞ norm of -22.6 dB for frequencies f > 228 Hz.
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Fig. 5. Tracking error, PSD of the tracking error and varia-
tion inN(α) for an experiment without RC and ṙ = 10 µm/s.
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To guarantee stability of DVRC, a low-pass Q(z) FIR
filter with 100 taps and a cut-off frequency of 220 Hz is
used. With the robustness filter Q(z) stability is guar-
anteed, as shown in Fig. 6 with the grey dashed line.

For comparison, a high-order repetitive controller
that incorporates two periods, i.e., with two mem-
ory loops [13], is designed. The high-order repetitive
controller equals MHO(z) = L(z)W (z)Q(z)z−(N−qd−ld)

1−Q(z)W (z)z−(N−qd) ,
where W (z) is the high-order repetitive function
W (z) =

∑nHO

i=1 wiz
−(i−1)N and nHO = 2 is the or-

der. The optimal weighting filter for a second or-
der repetitive controller is determined in [13] as
Wopt = (wopt,1, wopt,2) = (2,−1).

6 Experimental results

The steady-state tracking errors of the experiments
with standard RC, DVRC and the high-order RC for
ṙ = 10 µm/s are shown in Fig. 7. The rms value of
the tracking error without RC (top left figure) equals
rms(e(t)) = 109 nm. Standard RC reduces the track-
ing error to rms(eRC) = 18.3 nm (top right figure in
Fig. 7). Although the error is reduced significantly, a
clear fluctuation in the magnitude of the error is visible,
which is caused by the fact that the repetitive variable
is not time. The remaining error with RC still contains
a significant repetitive part. The high-order RC, shown
in the bottom left figure of Fig. 7, reduces the tracking
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Fig. 7. Tracking errors of the experiments with ṙ = 10 µm/s
without RC, with RC, with high-order RC and with DVRC.

error further to rms(eHO) = 13.7 nm. The second order
repetitive controller is not able to completely remove
the fluctuation in the error, indicating that it is not able
to cope with the amount of variation in the repetitive
delay. Increasing the order of the repetitive controller
would slightly increase the robustness to the varia-
tion, but requires a larger memory loop to incorporate
an additional period. The tracking error with DVRC,
shown in the bottom right figure of Fig. 7, significantly
reduces the tracking error to rms(eDVRC) = 2.77 nm.
DVRC reduces the tracking error by 97% compared to
the tracking error without RC, by 85% compared to
standard RC and by 80% compared to the high-order
repetitive controller.

7 Conclusions

In this paper, we presented a delay-varying repetitive
control (DVRC) method, which is applicable for systems
that have a repetitive nature with respect to a repeti-
tive variable other than time. DVRC uses knowledge of
the repetitive variable of the system to determine and
adjust the time-varying repetitive delay accordingly. We
derived a new H∞ norm-based stability criterion for the
proposed DVRC method. This criterion allows the de-
sign of the learning filters using frequency domain tech-
niques as is common in RC. We showed that the devel-
oped DVRC method is able to significantly suppress the
periodic disturbances in a nano-motion stage driven by
a walking piezo actuator compared to existing methods.
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