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Abstract— In model predictive control (MPC) for large-
scale applications, the computational limitations for on-line
optimization often lead to the use of (relatively) short prediction
horizons. In this paper, we show that as a result, the controller
optimizes over only a fraction of the dynamics of the large-scale
system. Based on this observation, which we will formalize,
we propose a method to construct reduced-order models of
minimal order, by exploiting the system-theoretic concept of
finite-horizon observability, that exactly match the response
of the large-scale system within a finite horizon. These so-
called finite-horizon minimal realizations are used to implement
equivalent MPC schemes with reduced computational effort (or
the same computational effort but with a larger prediction
horizon) without sacrificing accuracy/performance (as the
equivalent optimization problem has the same optimizers as the
original MPC problem). By computing finite-horizon minimal
realizations, we can determine the dynamics as “seen” by the
MPC, which can provide useful design insights, in particular,
when tuning the prediction horizon. We demonstrate the
strengths of our results in a numerical case study.

Index Terms— Model predictive control, projection-based
model order reduction, large-scale systems, observability

I. INTRODUCTION

IN model predictive control, a constrained open-loop finite-
horizon optimal control problem is solved at each sampling

instant. By implementing only the first optimal control
action and solving the optimal control problem again at
the next sampling instance using the updated (estimated)
state, feedback is established–also known as receding horizon
control [1]. While the on-line optimization is able to account
for the presence of constraints, which is one of the main
advantages of MPC, solving the optimization problem in real-
time is, especially for large-scale systems, computationally
expensive. In fact, these computational challenges still form
a limiting factor for the broader adoption of MPC in many
(fast and/or large-scale) applications [2].

Initially, MPC quickly gained popularity in the process
industry, largely due to its conceptual simplicity, constraint-
handling capabilities and ease of dealing with multi-input
multi-output systems [3]. In recent times MPC has found
its way into increasingly complex and, particularly, large-
scale applications, such as, e.g., nuclear fusion, temperature-
controlled medical treatments and power grid optimization
and control. The computational complexity of MPC scales
with the state and input dimensions as well as the length of
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the prediction horizon and number of inequality constraints.
Several efforts towards reducing the computational complexity
are undertaken, such as using tailored solvers, see, e.g., [4]–[6]
for applications where the prediction horizon is the bottleneck,
or reducing the number of inequality constraints, see, e.g., [7],
[8]. Other approaches use Krylov methods [9], explicit
MPC [10], or model reduction techniques, see, e.g., [11],
[12]. This paper is concerned with the latter.

We focus specifically on MPC for large-scale systems,
i.e., with large state dimension, and relatively few perfor-
mance channels/outputs. As mentioned before, the on-line
computational complexity of an MPC scheme scales (poorly)
with the state dimension. This is particularly true for sparse
formulations, in which the states are included in the decision
variables and, hence, the number of required operations, when
using conventional interior-point methods, scales cubically
in the state dimension [6]. We can exploit specific structure
in the sparse formulation to achieve complexity that grows
linearly with the prediction horizon, see, e.g., [6]. As an
alternative to the sparse formulation, one can also eliminate
the states from the decision variables [1], which results in
the dense formulation. The required computational effort
for solving the dense formulation is independent of the
number of states, however, we still require the computation
of a particular solution, which scales quadratically with
the state dimension [4]. As a result, we are typically only
able to consider a short prediction horizon in large-scale
applications. We will see that, as a consequence, only a
small part of the dynamics is actually considered within the
finite prediction horizon. In practice, it is often sufficient to
consider such a short horizon since our MPC still reacts to
the “unseen” dynamics via the receding-horizon (or feedback)
principle, however, we do not optimize for or anticipate
these dynamics in the MPC optimization. This observation,
which we formalize, has useful consequences for MPC
design and facilitates a reduction of the on-line computational
complexity without changing the MPC feedback law. In
particular, regarding the latter, we construct so-called finite-
horizon minimal realizations, which are reduced-order models
of minimal order that exactly match the output response
over the finite prediction horizon for any initial condition,
input sequence and disturbance sequence. In other words, we
propose a reduction technique that removes the dynamics that
do not play a role in the finite-horizon optimal control control
problem. By formulating the MPC problem for these reduced-
order models, we implement more efficient, equivalent MPC
schemes without changing the solution to the finite-horizon
optimal control problem and, thereby, the overall MPC scheme
(and thus its feasibility, stability and performance properties).
The finite-horizon minimal realizations can also be used to
understand the dynamics actually considered by the MPC, for
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Fig. 1: Bode magnitude plot (of the N -minimal realizations
computed in Section IV) visualizing the dynamics accounted
for in the optimal control problem for prediction horizon N .

instance, by generating Bode plots of the “seen” dynamics,
see, Fig. 1. This provides valuable insights for tuning the
controller, in particular, the prediction horizon.

II. PRELIMINARIES

Notation. The sets of real and non-negative natural num-
bers are denoted, respectively, R = (−∞,∞) and N =
{0, 1, 2, . . .}. We denote N>n = {n, n + 1, n + 2, . . .} and
N[n,m] = {n, n + 1, n + 2, . . . ,m} for n,m ∈ N. The
symbol I is an identity matrix of appropriate dimensions
while In denotes an n-by-n identity matrix. For a set of
matrices {Ai}i∈N , N ⊆ N, we denote, for all n,m ∈
N ,

∏
i∈N[n,m]

Ai = AnAn+1 . . . Am when m > n, and∏
i∈N[n,m]

Ai = I when m < n. The Kronecker product of
A ∈ Rn×m and B ∈ Rr×s is denoted by A⊗B ∈ Rnr×ms.
For a vector x ∈ Rn (matrix A ∈ Rn×m), xI (AI,J ) denotes
a vector (matrix) consisting of the rows (and columns of A)
with indices in I ⊂ N[1,n] (and J ⊂ N[1,m], respectively).
Finally, y ← x means assign y the value of x.

A. Model predictive control
Consider the discrete-time system represented by

xk+1 = Axk +Buuk +Bwwk,

zk = Cxk +Duuk +Dwwk,
(1)

where xk ∈ Rnx , uk ∈ Rnu , wk ∈ Rnw and zk ∈ Rnz

denote, respectively, the state, control input, disturbance input
and (performance) output, at time instant k ∈ N. We focus
on an MPC formulation for (1) in which the cost function
and constraints are assumed to be formulated exclusively in
terms of inputs u and performance outputs z.1 At each time
instant k ∈ N, the following finite-horizon optimal control
problem is solved:

min
{ui|k}i∈NN

1

2

∑
i∈NN

`(zi|k, ui|k), (2)

s.t. xi+1|k = Axi|k +Buui|k +Bwwi|k, i ∈ NN−1,

zi|k = Cxi|k +Duui|k +Dwwi|k, i ∈ NN ,
x0|k = xk,

Mzi|k + Jui|k 6 c, i ∈ NN ,
1If this is not the case, extra (combinations of) states can be added to z.

where NN := N[0,N ] contains the time instances along the
prediction horizon of length N ∈ N>1 and {xi|k}i∈NN

,
{zi|k}i∈NN

and {ui|k}i∈NN
in (2) denote, respectively, the

predicted states, outputs and future inputs. For instance, xi|k
denotes a prediction of xk+i made at time k ∈ N. We assume
that the (estimated) state xk is available at time k ∈ N as
well as (an estimate of) the disturbance sequence {wi|k}i∈NN

.
The function ` : Rnz × Rnu → R>0 is the (quadratic) stage
cost, given by `(z, u) = z>Qz+2z>Su+u>Ru with tuning
parameters Q ∈ Snz

<0, S ∈ Rnz×nu and R ∈ Snu
�0. Finally,

the matrices M ∈ Rnc×nz and J ∈ Rnc×nu and the vector
c ∈ Rnc are used to capture the (polyhedral) constraints.2
Solving (2) leads to a unique optimal input sequence denoted
by {u?i|k}i∈NN

of which our MPC applies the first entry to
the actual system, i.e., uk = u?0,k ∈ Rnu , and solves (2) again
at time k + 1, initialized with a new (estimated) state xk+1,
leading to the so-called receding horizon principle [1].

B. Projection-based model reduction
Projection-based model reduction methods function by

projecting the state of (1) and its dynamics onto, respectively,
lower-dimensional test and trial spaces, denoted V ⊆ Rnx

and W ⊆ Rnx , respectively. This results in a reduced-order
model [12]

x̂k+1 = Âx̂k + B̂uuk + B̂wwk, (3a)

ẑk = Ĉx̂k +Duuk +Dwwk, (3b)

Â = W>AV, [B̂u, B̂w] = W>[Bu, Bw], Ĉ = CV. (3c)

The reduced state at time k ∈ N is denoted by x̂k ∈ Rnr ,
with (typically) nr � nx, and the output of the reduced-
order system at time k ∈ N is denoted ẑk ∈ Rnz . The above
assumes that the projection matrices W,V ∈ Rnx×nr are
bi-orthonormal, i.e., W>V = I . The projection matrices are
such that ImV = V and ImW = W . Through carefully
designing V and W , we ensure that the relevant/desired
dynamics are captured by the reduced-order model (3). We
consider Galerkin projections, where V =W and V = W .

III. PROBLEM DEFINITION

The computational complexity of (implicit) MPC is inher-
ently large due to the required optimization that has to be
carried out in real-time. In this paper, we focus on a class of
large-scale systems for which the computational complexity
of MPC is particularly high, due to the large state dimension.

Assumption 1. The state dimension is significantly larger
than the number of performance outputs throughout the finite
prediction horizon, i.e., nx � (N + 1)nz .

Assumption 1 encompasses many relevant applications with
(relatively) few outputs and a short prediction horizon, the
latter often necessary due to the computational burden
becoming excessive for longer prediction horizons.

A consequence of Assumption 1, as we will discuss in
more detail later on, is that only a fraction of the dynamics
is actually being considered by the controller, see Fig. 1 for

2Although, we adopt a quadratic stage cost and polyhedral constraints, our
results do not depend on this. For any cost function and constraints, even if (2)
does not admit a (set of) minimizer(s), our method will yield a reduced-order
MPC scheme with the same (possibly empty set of) minimizer(s).
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an illustration of this. In other words, the computed optimal
control action is independent of a large part of the dynamics.
Given this observation, the following problem is considered
in this work: For the described setting and a given prediction
horizon N , construct a reduced-order model (3) of minimal
order such that the optimal control action û?0|k computed by
solving the associated reduced-order optimal control problem

min
{ûi|k}i∈NN

1

2

∑
i∈NN

`(ẑi|k, ûi|k), (4)

s.t. x̂i+1|k = Âx̂i|k + B̂uûi|k + B̂wwi|k, i ∈ NN−1,

ẑi|k = Ĉx̂i|k +Duûi|k +Dwwi|k, i ∈ NN ,
x̂0|k = V >xk,

Mẑi|k + Jûi|k 6 c, i ∈ NN ,
exactly coincides with the optimal solution to (2), i.e., û?0|k =
u?0|k, for all xk ∈ Rnx , {wi|k}i∈NN

with wi|k ∈ Rnw , k ∈ N.
The constructed reduced-order models can be exploited

to implement an equivalent MPC scheme that can be
solved more efficiently for the same prediction horizon N
due to the lower state dimension or, as a result of the
reduced computational burden, we can implement a longer
prediction horizon N , which might be desired from a control
performance perspective. We address the above problem using
the system-theoretic notion of finite-horizon observability,
which is discussed in more detail in the next section.

IV. FINITE-HORIZON MINIMAL REALIZATIONS

The optimal control problem in (2) only depends on the
solution to (1) on a finite horizon. We exploit system-theoretic
properties of the system to construct reduced-order models (3)
of minimal order, that are exact on this finite horizon.

Definition 1. The reduced-order system (3) is said to be an
N -minimal realization of (1), if, for any initial condition x0 ∈
Rnx , input sequence {uk}k∈NN

and disturbance sequence
{wk}k∈NN

, with uk ∈ Rnu , wk ∈ Rnw , k ∈ NN , it holds,
for all k ∈ NN and with x̂0 = V >x0, that3

0 = ĈÂkx̂0 − CAkx0+ (5)∑
i∈N[0,k−1]

(
ĈÂk−1−i

[
B̂u B̂w

]
− CAk−1−i [Bu Bw]

)[
ui
wi

]
,

and there is no lower-order model for which this also holds.

Definition 1 means that, for any initial condition x0 ∈
Rnx , input sequence {uk}k∈NN

and disturbance sequence
{wk}k∈NN

, the outputs of (1) and (3), starting from the
projected initial condition x̂0 = V >x0, remain equal for (at
least) the duration of the finite horizon. Unlike traditional
minimality [13], (5) also accounts for initial conditions. At
first glance, N -minimal realizations may seem similar to
partial realizations [14], however, partial realizations do not
consider initial conditions. In fact, any N -minimal realization
is a partial realization, since (5) also holds for x0 = 0, but the
converse is not true. An important observation is that, for any
N -minimal realization of (1), the optimal control problems (2)
and (4) yield the same solution since the constraints and cost
depend only on the output z and input u.

3Note that Du and Dw are not affected by the projection performed
in (3) and, hence, the direct feedthrough terms are cancelled out in (5).

A. Finite-horizon observability
The construction of our reduced-order models relies on

the system-theoretic concept of finite-horizon observability,
which we state in terms of the prediction horizon N ∈ N.

Definition 2. The N -step unobservable subspace UON ⊆
Rnx of system (1) is the set of all states, which can not be
distinguished from the zero state in the output for zero input
and disturbance within at least N steps, i.e.,

UON :=
{
x ∈ Rnx

∣∣CAix = 0, for all i ∈ NN
}
.

The system (1) is said to be N -observable, if UON = {0}.

It is well known that UON = kerON , where ON ∈
R(N+1)nz×nx is the N -step observability matrix of (1), i.e.,

O>N :=
[
C> (CA)> . . . (CAN )>

]
. (6)

Note that ON has (N + 1)nz rows, which implies that, in
N steps, at least nx − (N + 1)nz states are unobservable,
i.e., dimUON > nx − (N + 1)nz . We state below that N -
minimality can be verified through checking N -observability.

Proposition 1. Suppose the system (1) satisfies Assumption 1.
Then, any N -observable system of the form (3) satisfying (5)
with x̂0 = V >x0, for any initial condition x0 ∈ Rnx , input
sequence {uk}k∈N and disturbance sequence {wk}k∈N, uk ∈
Rnu , wk ∈ Rnw , k ∈ NN , is an N -minimal realization of (1).

While traditional minimality is satisfied, if the system is both
(infinite-horizon) controllable and observable, our definition
of N -minimality is satisfied when only N -observability holds
due to the consideration of the initial condition in (5). For
the sake of simplicity, we adopt the following.4

Assumption 2. The system (1) is (infinite-horizon) observable,
i.e., UOk−1 = {0} for all k ∈ N>nx .

B. Model reduction
Using Proposition 1, we will construct N -minimal real-

izations by removing the N -step unobservable states from
our model. We achieve this through the so-called N -step
observability staircase form [15]. We adopt, without loss of
generality, the following assumption (we can always project z
onto a lower-dimensional output space such that this holds).

Assumption 3. The matrix C in (1) has full row rank.

Any system (1) satisfying Assumptions 2-3, can be trans-
formed using a unitary similarity transformation x̄ = T>x,
with T>T = I , to the N -step observability staircase form,
using the method from [15] (see Algorithm 1 below)5, i.e.,[

CT

T>AT

]
= (7)

C0 0 0 . . . 0 0 0
A0,0 A0,1 0 . . . 0 0 0
A1,0 A1,1 A1,2 . . . 0 0 0
A2,0 A2,1 A2,2 . . . 0 0 0...

...
...

. . .
...

...
...

AN−1,0 AN−1,1 AN−1,2 . . . AN−1,N−1 AN−1,N 0
AN,0 AN,1 AN,2 . . . AN,N−1 AN,N ?
? ? ? . . . ? ? ?

 ,
4Our approach extends to unobservable systems by replacing (7) with the

full observability staircase form in [15].
5The method in [15] computes the full observability staircase form. We

reduce computations by stopping after N steps to obtain the form in (7).
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where C0 ∈ Rnz×m0 and Ai,i+1 ∈ Rmi,mi+1 , i ∈ NN−1,
have full column rank, i.e., rankC0 = m0 and rankAi,i+1 =
mi+1 with mi+1 6 mi 6 . . . 6 m0 = nz . Moreover, ?
denotes an arbitrary block of appropriate dimensions. For
the sake of completeness, we state the method from [15],
slightly adapted to compute the N -step observability staircase
form (7), below.

Algorithm 1 (N-step observability staircase form [15]). Let
S̄ = [C> A> ], T = Inx

, r = 0, i = 1, q = nz and k = 0.
1) For j ∈ {1, . . . ,min{q, nx − r − 1}}:

a) Let Qj = Hr+j(S̄{1,...,nx},k+j).6

b) S̄ ← QjS̄ diag(Inz
, Qj); T ← TQj .

2) Let R̄ = S̄{r+1,r+2,...,r+q1},{k+1,k+2,...,k+q}, with q1 =
min{q, nx − r}, and compute its singular value decom-
position R̄ = UiΣiV

>
i .

3) Let Σ̄i be Σi with all diagonal entries smaller than
εM max{‖A‖2, ‖C‖2}, where εM is the relative ma-
chine precision, set to zero and let mi = rank Σ̄i.

4) If mi = 0, then i← i− 1 and stop; else go to 5).
5) If r +mi = nx, then r = nx and stop; else, go to 6).
6) If mi = q, go to 7); else, T ← T diag(Ir, Ui, I).
7) r ← r+mi, k ← k+q, q = mi, i← i+1. If i = N−1

stop; else, go to 2).

The N -step observability matrix ONT ∈ R(N+1)nz×nx , with
ON as in (6), evaluated for the pair (T>AT,CT ) yields

ONT =

C0 0 . . . 0 0 . . . 0
? C0A0,1 . . . 0 0 . . . 0...

...
. . .

...
...

. . .
...

? ? . . . C0
∏

i∈N[1,N]
Ai−1,i 0 . . . 0

 . (8)

We prove some useful properties based on (8) below.

Lemma 1. Given N ∈ N, consider the system (1) satisfying
Assumptions 1-3, the matrix T , which transforms (1) to its N -
step observability staircase form (7). Then, the last nx− m̄N

columns of T , with m̄N :=
∑
i∈NN

mi 6 (N + 1)nz , form
a basis for the N -step unobservable subspace of (1), i.e.,
rankT [ 0 Inx−m̄N ]

>
= nx − m̄N and

UON = kerON = ImT
[
0 Inx−m̄N

]>
. (9)

Lemma 1 leads us to partition T according to

T =
[
T1 T2

]
, T1 ∈ Rnx×m̄N , T2 ∈ Rnx×nx−m̄N , (10)

such that, in view of (9), UON = ImT2. We effectively
truncate (8) by projecting onto V = W = ImT1. To do so,
we set V = W = T1 in (3), which yields[

Du Dw Ĉ

B̂u B̂w Â

]
= (11)

Du Dw C0 0 0 . . . 0 0

B̂u B̂w

A0,0 A0,1 0 . . . 0 0
A1,0 A1,1 A1,2 . . . 0 0
A2,0 A2,1 A2,2 . . . 0 0...

...
...

. . .
...

...
AN−1,0 AN−1,1 AN−1,2 . . . AN−1,N−1 AN−1,N
AN,0 AN,1 AN,2 . . . AN,N−1 AN,N

 .
The obtained model (3) with (11) satisfies (5) and there is
no model of lower order that satisfies also (5).

6Here, Hi(y), y = (y1, y2, . . . , yn), i ∈ N[1,n], denotes a Householder
annihilator, which is such that Hi(y)y = (y1, y2, . . . , yi−1, ȳi, 0, . . . , 0)
with some ȳi ∈ R. Let I = {i + 1, i + 2, . . . , n} and u =
(0, . . . , 0, sgn(yi)‖yI‖2 + yi, yI), then, Hi(y) = I − 2uu>/‖u‖22.

Theorem 1. Given N ∈ N, consider the system (1) satisfying
Assumptions 1-3, the matrix T , partitioned according to (10),
which transforms the system to its N -step observability
staircase form (7), and the reduced-order model (3), which is
constructed using V =W = ImT1 by setting W = V = T1.
The resulting reduced-order model (3) with (11) is an N -
minimal realization of (1).

Theorem 1 means that, by taking V =W with dimV = m̄N

and V ⊕ UON = Rnx in (3), we obtain a reduced-order
model of minimal dimensions that, with initial condition
x̂0 = V >x0, yields the same response as the full-order system
during the finite horizon for any initial condition x0, input
sequence {u}k∈NN

and disturbance sequence {wk}k∈NN
.

V. APPLICATION TO MODEL PREDICTIVE CONTROL

The optimal solution to (2) only depends on the N -
observable part of the system, which forms only a fraction of
the states of the system. Another way of looking at this is that
the MPC scheme (2) implicitly performs a model reduction
step. We perform this model reduction step explicitly by
formulating our MPC scheme based on the finite-horizon
minimal realizations obtained, in the previous section, by
truncating the N -step observability staircase form (7). This
has direct on-line computational benefits as the ‘implicit’
on-line model reduction step is carried out explicitly and
off-line, thereby saving costly on-line computations.

A. Sparse and dense formulations
We formulate (4) as the following quadratic program (QP),

referred to as the sparse formulation [4], [5]:

min
qk

1

2
q>k Hqk, (12)

s.t. Fqk = fk, and Gqk 6 g,

where qk ∈ R(N+1)(nu+nz)+Nnr and

qk = [ û>0|k ẑ
>
0|k x̂

>
1|k û

>
1|k ẑ

>
1|k . . . x̂

>
N|k û

>
N|k ẑ

>
N|k ]

>
,

H =

R S> 0
S Q 0

0 0 IN ⊗
[

0 0 0
0 R S>

0 S Q

]
 G =

[
J M 0
0 0 IN ⊗ [ 0 J M ]

]
,

F =



Du −I 0 0 0 0 . . . 0 0 0 0 0 0
B̂u 0 −I 0 0 0 . . . 0 0 0 0 0 0
0 0 Ĉ Du −I 0 . . . 0 0 0 0 0 0
0 0 Â B̂u 0 −I . . . 0 0 0 0 0 0
...

...
...

...
...

...
. . .

...
...

...
...

...
...

0 0 0 0 0 0 . . . Ĉ Du −I 0 0 0
0 0 0 0 0 0 . . . Â B̂u 0 −I 0 0
0 0 0 0 0 0 . . . 0 0 0 Ĉ Du −I

 ,

fk = −



ĈV >xk +Dww0|k
ÂV >xk + B̂ww0|k

Dww1|k
B̂ww1|k

...
DwwN−1|k
B̂wwN−1|k
DwwN|k

 , g =

[ c
c
...
c

]
.

The above formulation contains the (reduced-order) states,
inputs and outputs in the decision variable qk. We can
eliminate the states and outputs from the decision variables
using the null-space method [4], which decomposes qk as

qk = Zξk + q̂k, (13)
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where the columns of Z ∈ R((N+1)(nu+nz)+Nnr)×(N+1)nu

span the null-space of F , i.e., FZ = 0 and rankZ =
(N + 1)nu. The vector q̂k ∈ R(N+1)(nu+nz)+Nnr is any
particular solution to F q̂k = fk. The choice of Z and
q̂k is not unique. Here, we take Z =

[
Z1 Z2 ... ZN

]
with

Zi ∈ R((N+1)(nu+nz)+Nnr)×nu given by

Z>i = [ 0nu×(i−1)(nu+nr+nz) I D
>
u B̂>u 0nu×nu (ĈB̂u)> . . .

(ÂN−iB̂u)> 0nu×nu (ĈÂN−iB̂u)> ] , (14)

which consists of delayed impulse responses. The particular
solution is given, for all k ∈ N, by

q̂k = [ û>0|k ẑ
>
0|k x̂

>
1|k û

>
1|k ẑ

>
1|k . . . x̂

>
N|k û

>
N|k ẑ

>
N|k ]

>
, (15)

with x̂i|k and ẑi|k satisfying, for i ∈ NN , x̂i+1|k = Âx̂i|k +

B̂uûi|k + B̂wwi|k and ẑi|k = Ĉx̂i|k + Duûi|k + Dwwi|k,
respectively, with x̂0|k = V >xk, ui|k = 0 and the given
(estimate of the) disturbance sequence {wi|k}i∈NN

. See [4]
for further details on the computation of Z and q̂k. Substitut-
ing (13) into (12) yields an equivalent QP with significantly
fewer decision variables, also known as the dense formulation,

min
ξk

1

2
ξ>k Z

>HZξk + q̂>k HZξk, (16)

s.t. GZξk 6 g −Gq̂k,

with ξk ∈ R(N+1)nu . Although the dense QP (16) no longer
contains the states as decision variables, computing Z based
on the reduced-order system rather than the full-order system
reduces the off-line computational cost. More importantly,
the particular solution q̂k for the reduced-order system is
significantly cheaper to compute than for the full-order system,
which yields a reduction in on-line computational complexity,
as we will detail in the next section.

B. Computational complexity

We recall that the number of outputs over the horizon
provides an upper bound on the reduced state dimension,
i.e., nr = m̄N 6 (N + 1)nz . Table I summarizes the
computational complexity associated with solving the sparse
and dense formulations (12) and (16), respectively, using con-
ventional interior-point methods, as well as the computation
of the particular solution q̂k in (15). These computational
complexities are listed for the MPC scheme constructed based
on the full-order model (1) and the N -minimal realizations
from Section IV, where the latter is obtained by replacing
nx by the upper bound on nr and analyzing the asymptotic
behaviour. For both sparse schemes, we exploit the sparsity
to achieve more favourable scaling in N , see [6], for the full-
order formulation this yields linear complexity in N whereas
the reduced-order model, since its state dimension grows with
N too, achieves quartic scaling, i.e. N4. The complexity also
depends on the number of constraints, which is not affected
by our approach and, hence, is not included in Table I.

Full-order model (1) N -minimal (3), (11)
Sparse (12) O(N(nx + nu)3) O(N(Nnz + nu)3)
Dense (16) O(N3n3

u) O(N3n3
u)

q̂k in (15) O(N(n2
x + nxnw)) O(N3n2

z + N2nznw)

TABLE I: Comparison of computational cost.

Noting that nx � (N + 1)nz (see Assumption 1), a
significant reduction in computational effort is achieved by
using the N -minimal realizations. This is even true for the
dense formulation, where solving the QP is independent
of the state dimension, due to the required computation
of a particular solution, which is more efficient for the
reduced-order models. In fact, the N -minimal realizations
result in a computational complexity that is independent
of the underlying state dimension, while, as discussed in
the previous section, the solutions to (2) and (4) (and,
hence, (12) and (16)) are the same. Hence, using the finite-
horizon minimal realizations computed in Section IV, we can
efficiently solve (2). Using the N -minimal realizations, it is
tractable to solve (2) for longer N with similar computational
cost, as illustrated in a numerical example below.

VI. NUMERICAL CASE STUDY

We demonstrate our methods on a three-dimensional
thermal system (discretized in space and time), satisfying
Assumptions 2-3, with nx = 1000 states, nz = 2 outputs,
nu = 1 input and nw = 1 disturbance for N = 10 and
N = 20, which thus also satisfies Assumption 1. The
system is actuated by applying a heat load to part of the
system’s surface while the ambient temperature acts as a
disturbance. We aim to control and impose constraints on the
average temperature on the heated part of the surface and
the temperature at the center of this heated surface. The N -
minimal realizations, computed as in Section IV, are of order
nr = 22 and nr = 42, respectively, which coincides with
the bound in Assumption 1. Bode magnitude plots of both
N -minimal realizations are shown in Fig. 1 together with the
full-order model. It can be seen that, for low N , only the
dynamics at higher frequencies are accurately “seen” by the
controller and, as N increases, also lower-frequency dynamics
become “visible”. Hence, the N -minimal realizations and
corresponding Bode (magnitude) plots can be very insightful
for tuning, in particular, the prediction horizon N . In Fig. 2a,
we simulate the response of the N -minimal realizations and
plot the error between their outputs and the output of the
full-order model. Theoretically, the response should be equal
for at least N steps since the results of Theorem 1 apply. We
observe that the error remains at the numerical noise level,
which is due to finite machine precision, for N steps after
which it increases, however, this is acceptable as this error
does not affect the responses within the MPC’s finite horizon.

Next, we implement both the sparse QP formulation in (12)
and the dense QP formulation in (16) and compare the
computed control action to the one computed by solving (2)
using the full-order model. The results are shown in Fig. 2b,
where we see that both formulations yield a solution that
is acceptably close to the full-order solution. Theoretically
the computed control actions should be equal by Theorem 1,
however, in practice numerical noise is introduced due to
finite machine precision. Interestingly, the sparse formulation
is significantly closer to u?0|k in some parts of the range
k ∈ [500, 800]. This is due to numerical differences between
both formulations. To see this, we look at Fig. 2c, where we
show, for both schemes, the difference between the achieved
optimal cost and the cost achieved when using the full-order
system as a function of the sampling instance. For both the
sparse and dense formulation, the achieved cost is within the
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(a) Output error between the N -minimal realizations and the full
system for a step input and x̂0 = V >x0.
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(b) Mismatch in computed optimal control actions u?
0|k, using

the full-order model, and û?
0|k, using sparse (12) and dense (16)

formulations for the N -minimal realization (N = 20).
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(c) Mismatch between the achieved cost Jk, using the full-order
model, and Ĵk, using sparse (12) and dense (16) formulations for
the N -minimal realization (N = 20). For a fair comparison, we
add 1

2
q̂>k Hq̂k to the cost of the dense formulation.
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(d) Average computation time per time step k ∈ N to solve the
sparse formulations (12) and dense formulations (16) (including
computation of q̂k in (15) for the full and reduced-order models.

Fig. 2: Numerical case study results.

solver’s optimality tolerance centered around the cost achieved
by the full-order scheme. In fact, the residual mismatch can
be further reduced by tightening the tolerances.

The computational effort required for solving the different
QP problems, using MATLAB’s built-in quadprog function,
can be seen in Fig. 2d. We directly see that the sparse
formulation based on the full-order model is exceptionally
costly due to the large state dimension. As a result, this
formulation could only be simulated for N ∈ {1, 2}, however,
this already shows that the complexity rapidly grows with
N and that a significant reduction is achieved using the N -
minimal realization (which we could tractably simulate for
N ∈ [1, 50]). Both dense formulations are significantly faster

than their sparse counterparts and the N -minimal realization
outperforms the traditional dense formulation for higher N .
The computation times of both dense formulations in Fig. 2d
also include the computation of the particular solution. The
computation time of the reduced-order dense formulation is
(almost) constant for N 6 40, this is due to the fact that for
small horizons, solving the dense QP takes significantly more
time than computing the particular solution. As N grows large,
the order nr of the N -minimal realization approaches nx and,
hence, a significant reduction in computational complexity
can only be achieved when Assumption 1 holds.

VII. CONCLUSIONS

In this paper, we have presented a method to construct finite-
horizon minimal realizations that can be used to formulate
equivalent MPC schemes for large-scale applications, in par-
ticular, with few performance outputs, but with significantly
reduced on-line computation time. Equivalence is meant here
in the sense of both schemes having the same optimizers for
the input sequence. We have demonstrated these methods in a
numerical case study and shown that reduced computational
complexity is indeed achieved. Similar reduction techniques
based on finite-horizon controllability for applications with
few actuators are the focus of future work. It is also interesting
to study what consequences the observations in this paper
may have on state observer design for large-scale MPC, since
only a fraction of the states now needs to be estimated.
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