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Optimal Irrigation Allocation for
Large-Scale Arable Farming
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Abstract— In this article, we propose an optimization frame-
work that computes the allocation of irrigation machin-
ery (agents) and water to arable fields by maximization of a profit
function in a receding horizon fashion using realistic models
for crop growth dynamics. A key advantage of the proposed
framework is that it can use many of the existing crop growth
models for prediction and hence can be applied to a wide variety
of crops, soils, locations, and weather patterns. The output of
the framework is a feasible allocation of agents to fields and
delivery of water over the growing season, in such a way that it
allows for practical implementation by farmers. The allocation is
feasible as the framework takes into account relevant real-world
constraints such as the water-carrying capacity and application
rates of the agents, but also traveling costs and refilling of water
at designated locations. A realistic case study using validated
crop-growth models by agronomists is used to show the strengths
and the generality of the framework.

Index Terms— Large-scale systems, model predictive control
(MPC), multi-agent systems, precision agriculture.

I. INTRODUCTION

THIS work is motivated by two global trends. First of
all, agriculture is responsible for approximately 69% of

annual water withdrawals globally, of which irrigation is a
large portion [1]. Second, global food demand is rising [2].
Therefore, a major question in arable farming is when, where,
and how much irrigation should be applied in order to produce
food of high quality in large quantities while minimizing
waste of water. Typically, there are many more farmlands than
there are irrigation machines, and farmers, therefore, need to
carefully choose which fields to irrigate in addition to how
much water should be applied. We use “fields” to denote a
connected piece of arable farmland. Fields typically represent a
local context characterized by, e.g., location, soil composition,
and groundwater levels. Fields can be of any size: from a large
scale (i.e., order of hectares) to a near individual crop scale
(i.e., square meters). Many uncertainties play a role when mak-
ing irrigation-related decisions, which the farmer has to do on
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a daily basis. There are uncertainties due to disturbances such
as (future) weather influences (e.g., rain and solar irradiation),
but also uncertainty due to lack of accurate knowledge of the
state of the crops and limited predictability of future crop states
due to model mismatch and/or parameter uncertainty.

In the present article, we adopt a model-based approach to
design a framework in order to compute the optimal actions
for the water delivering agents. “Optimal” here is in the sense
of maximization of a profit function. In this framework, we use
crop growth models in order to predict the states of the crops in
the future. There is a vast amount of literature concerned with
the modeling of crop growth. For survey articles, e.g., [3],
[4]. These models are usually simulation models made by
agronomists, ecologists, or biologists to better understand
how crops grow and to predict crop yield. For a given set
of parameters, inputs, and disturbances, such models predict
growth during the growing season. Examples include light
interception and utilization simulator (LINTUL) [5], WOrld
FOod STudies (WOFOST) [6], Simulateur mulTIdiscplinaire
pour les Cultures Standard (STICS) [7], and AquaCrop [8].
These models have been validated extensively.

In order to design control algorithms for crop growth,
one might be inclined to convert and approximate available
simulation models into a set of differential/difference
equations or partial differential equations. In some
applications, these are good enough as a “first principle”
model (e.g., design of state-estimators [9]). However, these
models tend to generalize poorly when applied to other types
of crops, soils, locations, and weather patterns and they require
extensive calibration. This makes them rather unsuitable for
larger-scale decision making on crop management such as
irrigation as considered in the present work. In fact, crop
growth simulation models, as discussed in the previous
paragraph, already suffer from the effects of climate change
and are continuously adapted [10]. We argue that there is
a tremendously important and interesting opportunity for
system and control engineers and theorists to apply their
knowledge of modeling in cooperation with the domain
experts of agriculture in order to obtain crop growth models
that: 1) generalize well to different situations (such as climatic
effects, different crop types, etc.) and 2) can make more use
of the existing methods in control theory to design controllers.

In the present article, we take an alternative approach and
we focus on a control design that is not driven by any
severe modification of the crop growth simulation models.
In fact, our approach does not even require an analytical
expression of the crop-growth model, which allows for the
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use of software models. This results in a modular approach,
where one can substitute a new crop growth model into our
framework and thereby making it generally applicable. In our
proposed optimization framework (defined in Section II-C),
we make use of only a very small set of assumptions on
the crop growth dynamics that are general for many different
crops in different conditions.1 The optimization framework we
present can therefore make use of a large collection of existing
crop growth (simulation) models that have been verified and
validated in experiments and are continuously updated by
domain experts.

A. Problem Description and System Context

One of the key decisions many farmers have to make on a
daily basis is which fields should receive irrigation and how
much irrigation they should receive. The difficulty in those
decisions is due to several factors such as uncertainty in crop
states, in how the crops will develop, in what the soil-water
content is, and in the future weather. Due to the presence of
these unknown disturbances and uncertainties, farmers need
to make use of feedback and thus make their decisions in an
“online” fashion. Constraints on irrigation agents’ capacities
and rates also need to be taken into account, as well as the
costs of operating these agents. “Optimal” decision making
in irrigation can then be defined in various different ways,
dependent on the user. Some farmers may want to maximize
their economic profit over the season by delivering a large
number of high-quality crops. Other farmers may want to
deliver the most amount of crops by doing the least amount
of actions or using the least amount of water.

There are many forms of applying irrigation such as flood
irrigation, drip irrigation, spray irrigation, and nebulizer irriga-
tion [11]. In this work, we consider agents to be of the latter
two types. More specifically, we assume that the agents are
mobile and can move over a field to deliver the water. These
include, for instance, popular machines such as traveling gun
irrigation machines [12], [13].

Summarizing, the problem discussed in this work is the
following. How to design a framework for optimal online
automated decision making in irrigation for large-scale arable
farming that takes into account the limitations of the agents
and predictions of crop growth using any crop-growth model.

B. Previous Work

Due to the importance and difficulty of optimal irrigation,
it has been a topic of interest for many years. Recent develop-
ments in the application of optimal control to irrigation can be
found in [14] and [15] and in model predictive control (MPC)
for irrigation in [16]–[19]. Optimal control for large-scale
irrigation channels that do not make use of crop growth models
can be found in [20] and in [21] for a human-in-the-loop
application. An overview of the usage of MPC in agriculture
can be found in [22].

In many of the irrigation scheduling policies available in the
literature, it is assumed that every field that requires irrigation

1The reason why we require the small set of assumptions will become clear
in Section V. In short, the assumptions allow us to use the simulation models
without doing an excessive amount of simulations at each time for all fields
on a farm. This results in a scalability of our framework.

can actually be irrigated, e.g., [14], [16], [18], [19]. However,
the number of irrigation machines that farmers have to their
availability is typically much less than the number of fields
(that require irrigation). Hence, there is a need to not only
compute how much irrigation a field would optimally need
(ignoring the possible unavailability of machinery) but there
is also a need to select the allocation of which (sub)fields
receive irrigation by which delivery agent.

For the above reasons, we present in this article a framework
for optimal irrigation scheduling in arable farming by a group
of heterogeneous agents. An important novelty of this frame-
work is that it computes the optimal allocation of irrigation
while taking into account constraints on agent allocations such
as:

1) The maximum resource carry capacity;
2) The maximum rate of irrigation;
3) Minimization of agent travel distances;
4) Returning to a refill station to replenish water;
5) Time-scale separation between crop growth dynamics

and allocation.
Item 5) is of interest as the dynamics of crops have

time-scales of several days, whereas allocation can occur
much faster and has a time-scale of hours. For an overview
of multi-agent resource allocation, see [23] and references
therein.

The framework we propose is based on ideas from MPC.
Within this context, a key novel insight is that we provide
a technique to link short-term water stress effects within
the (short) prediction horizon to the long-term effects of the
crop growth during the remainder of the season.

C. Contributions

Summarizing, the main contributions of this work are
threefold. First, we present a problem definition of irrigation
scheduling in large-scale arable farming for optimal control
including the (often ignored) allocation constraints of irriga-
tion machinery, and we provide a mathematical formulation
of this problem.

Second, the optimal control framework we employ can make
use of a wide selection of existing crop growth model. This
allows for a large applicability to different types of crops, soils,
locations, and weather patterns.

Finally, the proposed optimization framework can handle a
wide variety of real-world constraints on the agent allocation
such as carrying-capacity, irrigation rate, and replenishing of
resources.

This article is a significant extension of our preliminary
works [24], [25]. The extensions include (but are not limited
to) the minimization of agent travel distances, monitoring of
resources of agents and returning to a refill location, and
an extensive case study of the proposed framework over
33 growing seasons. Furthermore, several constraints in the
framework have been adapted in order to significantly reduce
computation time.

D. Structure

The remainder of this article is structured as follows.
We end this section with mathematical notations. In Section II,
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we pose a mathematical abstraction of the problem formu-
lation described in Section I-A. Constraints on the irriga-
tion machinery (as mentioned in Section I-B) are given in
Section III, followed by a model of soil water and soil
water/crop interaction in Section IV. The proposed solution
to the formulated problem (the optimization framework) is
described in Section V. In Section VI, we demonstrate the
effectiveness of the proposed framework with a realistic case
study using crop-growth models developed by agronomists.

E. Mathematical Notation

Let N0 denote the set of natural numbers including zero.
Moreover, N := N0 \ {0}, and B := {0, 1}. If M is a matrix,
then [M]i j is used to denote the element on the i th row and
j -th column of M . We use 1n and 0n to denote vectors of size
n consisting of all ones and all zeros, respectively. Likewise,
1n×m and 0n×m denote matrices of size n-by-m, consisting
of all ones and all zeros, respectively. The n-by-n identity
matrix is denoted by In . Furthermore, Tr(·) denotes the trace
of a matrix and diag(c) ∈ R

n×n denotes a diagonal matrix
with the elements of vector c ∈ R

n on the diagonal. Operators
“=,” “≤” or “≥” in matrix (in)equalities denote element-wise
comparisons.

II. SYSTEM CONTEXT

In this section, we propose a mathematical abstraction
of the problem formulation described in Section I-A. First,
we introduce some notation and properties of the agents.
Second, we introduce the objective function to be maximized
by our framework.

A. Multi-Agent System Set-Up and Notations

We define M := {1, 2, . . . , m} as the label set of (sub)fields,
with m the total number of fields. Similarly, we define N :=
{1, 2, . . . , n} as the label set of agents, with n the total number
of irrigation agents. Typically, in real-world problems, n � m.
Let T denote the known length of the growing season and
hence any day t is in the set T := {0, 1, . . . , T − 1}.

In addition to fields on which crops grow, agents can also be
allocated to places for combined storage and refilling. We call
these locations “stores” and label each store by an index from
the set V := {m + 1, . . . , m + v}, where v ∈ N is the total
amount of stores. We use “point of interest” or “POI” to denote
a field or a store. POIs are labeled from the set M+ := M∪
V = {1, 2, . . . , m +v}. At each store k ∈ V , an agent can refill
water at a rate at most rk−m ∈ R≥0.

It is assumed that each day t ∈ T is divided into S ∈
N time slots (or subtimes) in which agents can be allocated.
Each agent is allocated only once per time slot. The time slots
are labeled from the set S := {1, 2, . . . , S} in chronological
order. Crop growth dynamics typically has a time scale of days
to weeks, whereas agents allocation can have time scales of
hours. By introducing the time slots we separate these time
scales in our set-up. That is, we can accommodate the fast
allocation of agents, whilst leveraging on the fact that the crop
states do not vary significantly on that time scale.

We define the allocation matrix As
t ∈ B

n×(m+v) such that
[As

t ]i j = 1 if and only if agent i ∈ N is allocated to POI
j ∈ M+ in time slot s ∈ S of day t ∈ T , otherwise [As

t ]i j =
0. Likewise, we define the delivery matrix Ds

t ∈ R
n×m
≥0 such

that [Ds
t ]i j denotes the amount of irrigation that agent i ∈

N delivers to field j ∈ M in time slot s ∈ S of day t ∈
T . Furthermore, we define the daily allocation and delivery
matrices as

At =
∑
s∈S

As
t and Dt =

∑
s∈S

Ds
t

respectively, for t ∈ T .
Agent capacity is captured by the vector c̄ ∈ R

n
≥0, where the

i -th element c̄i of c̄ denotes the maximum amount of water
agent i ∈ N can store. Similarly, the i -th element d̄i of d̄ ∈
R

n
≥0 denotes the maximum amount of water that agent i ∈ N

can deliver per slot. In other words, d̄ can be used to represent
the rate at which irrigation can be applied.

B. Objective

As mentioned in Section I-A, the objectives of a farmer
can be of all sorts, including maximizing economic profit,
minimizing number of irrigation agent deployments, or saving
water. In our optimization framework, we model the objec-
tive function as an economic profit function, i.e., the total
income over the season, minus the total costs incurred. Other
perspectives can be incorporated by appropriately changing
the weights of the income and costs terms in the objective
function.

The income is related to the quantity and quality of the crops
at the end of the season. The costs include the costs of water
for irrigation and costs of agent operation such as fuel/energy
and operator costs. We now show how these incomes and costs
lead to the objective function of interest in this article.

First, let us look at the incomes due to harvest. Let x j
t ∈ R

s

denote the state vector2 of a field j ∈ M at time t ∈ T .
In this work, we assume that the profit is determined by a
linear combination of the elements in the state x j

T at the end
of the season (i.e., at time T ). Let π ∈ R

s denote the weights
such that

π�x j
T

denotes the profit obtained from field j ∈ M. Note that we
use the state at time T , the end of the season, as we assume
that the profit is obtained from the harvest.

Second, we look at the costs. We distinguish three main
costs: operation costs of agents, resource costs and travel costs
of the agents. For operation costs, we define σ ∈ R

n
≥0 such

that the i th element σi of σ denotes the costs of operation for
agent i ∈ N per slot. This is the cost that needs to be paid
when an agent is allocated to a field and can represent costs
such as fuel/energy or labor costs (e.g., [26] for the importance
of minimizing electricity costs). It is assumed that if an agent
is allocated to a store, no operations costs are incurred. For
the resource costs, we define ρ ∈ R≥0 to denote the cost per

2In the context of arable farming, the states typically include the biomass
of different organs of the crop, the leaf size, and water content in the crop.
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unit irrigation. Hence, the total amount of expenses over the
growing season incurred by operation and resource costs can
be written as ∑

t∈T
σ� At

[
1m

0v

]
+ ρ 1�

n Dt 1m .

For the travel costs, we define the matrix E ∈ R
(m+v)×(m+v)
≥0

such that [E] jk denotes the cost incurred from moving from
field j to field k (with j, k ∈ M+). Hence, the total costs due
to agent movements can be computed using3∑
t∈T

∑
s∈S

∑
i∈N

∑
j∈M+

∑
k∈M+

[
As

t

]
i j

[
As+1

t

]
ik

[E] jk

=
∑
t∈T

∑
s∈S

Tr
(

As
t E

(
As+1

t

)�)
(1)

where we define AS+1
t = A1

t+1 for t ∈ T . Furthermore,
we have chosen to not take the very last travel cost into account
and therefore define AS+1

T = 0n×(m+v).
Note that the matrix E is not necessarily symmetric, i.e., the

cost of traveling from i ∈ M to j ∈ M does not have to be
equal to the cost of traveling from j to i . Also, the diagonal of
E can be comprised of only zeros since, technically, the agent
does not move from one field to another in that case and does
not incur costs. However, we can use a non-zero diagonal of
E to penalize agents that remain stationary on a field without
delivering resources. Note that it is assumed that the agents
are able to move from any POI to any other POI within one
time slot. Situations with infeasibly large movements are not
prevented, but are less likely to occur due to the penalization
in the objective function.

Combining these costs, we obtain the objective function J
as

J = π� ∑
j∈M

x j
T −

∑
t∈T

(
σ� At

[
1m

0v

]
+ ρ 1�

n Dt 1m

+
∑
s∈S

Tr
(

As
t E

(
As+1

t

)�))
. (2)

C. Lay-Out of Proposed Solution

In essence, the objective is to maximize (2) subject to
constraints on agent allocation and growth of the crops,
in the presence of uncertainty about the state of our system,
uncertainty in weather predictions, and other disturbances.

To tackle this problem, we will formalize the agent con-
straints in Section III, followed by a model of soil water and
soil water/crop interaction in Section IV. In order to deal with
the uncertainty in our system, the proposed framework will
make use of principles from MPC. The adaptation needed to
do so is described in Section V.

III. AGENT ALLOCATION CONSTRAINTS

In this section, we will provide a mathematical formu-
lation of several important constraints on agent allocation.
Section III-A introduces essential constraints that are required

3Note that for (1) to hold, it is assumed that an agent can be allocated to
only one field at a certain slot. This will be enforced in (3).

for any use of the proposed framework. The other subsec-
tions contain additional constraints that may be added if
desired.

A. Essential Allocation Constraints

As already stated in Section II-A, at each s ∈ S, an agent
must be allocated to exactly one POI. We, therefore, impose
for all i ∈ N and all s ∈ S, t ∈ T∑

j∈M+

[
As

t

]
i j

= 1

or stated otherwise, for all s ∈ S, t ∈ T

As
t 1m+v = 1n. (3)

A vital constraint in the agent allocation is that if an agent
i ∈ N delivers resources to field j ∈ M, it must be allocated.
Formally stated [

Ds
t

]
i j

> 0 ⇒ [
As

t

]
i j

= 1 (4)

for all s ∈ S and t ∈ T . Furthermore, each agent i ∈ N
cannot deliver more than its maximum delivery rate d̄i[

Ds
t

]
i j

≤ d̄i . (5)

We can enforce (4), (5) simultaneously by the following
linear inequalities, for all s ∈ S, t ∈ T , i ∈ N and j ∈ M:[

Ds
t

]
i j

≤ d̄i
[
As

t

]
i j

or, equivalently, for all s ∈ S, t ∈ T

Ds
t ≤ diag

(
d̄

)
As

t

[
Im

0v×m

]
. (6)

B. Refilling Constraints

Let cs
t ∈ R

n
≥0 denote the amount of water stored by each

agent at slot s ∈ S of day t ∈ T . In order to respect the
carrying capacity of each agent it must be true that, for all
s ∈ S, t ∈ T

0n ≤ cs
t ≤ c̄. (7)

Furthermore, we assume that the dynamics of cs
t for all

s ∈ S, t ∈ T equals

cs+1
t = cs

t − Ds
t 1m + Rs

t 1v (8)

subject to (7), where we define cS+1
t := c1

t+1 and Rs
t ∈ R

n×v
≥0

is a decision variable such that [Rs
t ]i(k−m) denotes how much

water is refilled to agent i ∈ N at store k ∈ V in slot s ∈ S on
day t ∈ T . Similar to (4), we must have that an agent must be
allocated to a store in order for it to receive water and, hence,
for all i ∈ N , k ∈ V, s ∈ S and t ∈ T[

Rs
t

]
i(k−m)

≤ rk−m
[
As

t

]
ik

(9)

where rk−m ∈ R>0 is the maximum refill rate per allocation
for store k ∈ V . This can be written in matrix form as

Rs
t ≤ As

t

[
0m×v

diag(r)

]
.
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IV. MODEL OF WATER LIMITED CROP GROWTH

So far, we have dealt with the agent allocation side of
the optimization framework. In this section, we will shift our
attention to the crop growth side of the framework. First, this
section presents the soil water dynamics, and second, the soil
water/crop interaction.

A. Soil Water Dynamics

Let w
j
t denote the soil water content of field j ∈ M at time

t ∈ T . We assume the (unsaturated) water dynamics occurs
according to the following discrete-time dynamics:

w
j
t+1 = w

j
t + d j

t − v
j
t + p j

t (10)

where d j
t = ∑

i∈N [Dt ]i j is the amount of water field j
receives at time t , v

j
t is a disturbance term that includes

effects such as surface run-off, transpiration, and drainage,
and p j

t is the precipitation. We obtain v
j
t from the prediction

model and weather predictions, and p j
t from weather predic-

tions/measurements.
We assume that the soil for each field has a maximum

carrying capacity for water called field capacity (fc). It is
assumed that if w

j
t exceeds fc j , this amount of water will

be lost due to deep drainage within one day and the water
level will reduce to w

j
t = fc j . Therefore, in effect, we adapt

the unsaturated dynamics (10) to

w
j
t+1 = min

{
fcj, wj

t + dj
t − vj

t + pj
t

}
. (11)

B. Soil Water/Crop Interactions

We assume that the prediction model G for the crop state
x j

t is of the form

x j
t+1 = x j

t + G
(

x j
t , w

j
t , d j

t , v
j
t , p j

t , τ
j

t , i j
t

)
for t ∈ T , where τ

j
t ∈ R is the daily average temperature

and i j
t ∈ R≥0 the total daily solar irradiation. Furthermore,

in order to model the soil water/crop interaction, we assume
that G can be decomposed as the product of a water-limiting
factor θ

j
t ∈ [0, 1] and the potential growth G∗ as

G(·) = θ
j

t

(
w

j
t , cr j

t

)
· G∗

(
x j

t , τ
j

t , i j
t

)
.

Here, cr j
t (x j

t , v
j
t , p j

t , τ
j

t , i j
t ) is the critical water level which

is dependent on the evapo-transpiration (which is dependent
on crop states and weather influences such as precipitation,
temperature, and irradiation), and G∗ is the maximum amount
of growth that is theoretically possible in the case where there
is no water shortage, i.e., the potential growth. Note that this
implies that G∗ is not a function of d j

t . The dependency of θ
j

t

on d j
t−1 is through w

j
t by (11).

Remark 1: As an illustrative example of a G∗, let us
consider the crop growth model LINTUL2. In this model,
the optimal growth is given by G∗ = (1/2)λ i j

t (1 − e−κLt ),
where λ is the light-use efficiency in g MJ−1, i j

t is the total
daily solar irradiation in MJ, κ is an attenuation coefficient,
and Lt is the leaf area index (LAI).

Fig. 1. Dependency of growth-reduction factor θ
j

t on the soil water content
w

j
t for any t ∈ T and j ∈ M.

In order to compute the optimal actions more efficiently,
we now exploit a key principle of soil water/crop interactions
that is common to many crop growth models. This principle
is used in many different crop growth models such as (but
not limited to) LINTUL2/3 [5], WOFOST [6], STICS [7],
AquaCrop [8], and a derivation thereof in [27]. In these models
(as well as in our optimization framework), the water limiting
factor is dependent on w

j
t in the manner as shown in Fig. 1.

In Fig. 1, wp j is the wilting point below which growth
does not occur. It holds that wp j < cr j

t < fc j for all j ∈
M, t ∈ T . The key principle mentioned earlier is that the
growth is optimal for water levels above the critical water
level and reduces linearly for values below the critical water
level until the wilting point.

Any crop growth model that satisfies the following assump-
tion can be used in our framework as a prediction model.

Assumption 1 (Crop growth model for prediction): The
crop growth model used in prediction can output the
maximum possible growth G∗ under optimal irrigation (i.e.,
potential growth), the critical water level cr j

t and soil water
effects v

j
t , for all t ∈ T .

V. MODEL PREDICTIVE CONTROL SCHEME

Optimization of (2) subject to the allocation constraints of
Section III before the growing season starts, is generally a
computationally demanding problem. Furthermore, the growth
of crops is highly susceptible to changes in weather and other
disturbances. It is mainly for these reasons that the proposed
framework incorporates ideas from MPC (e.g., [28]). Instead
of an entire growing season, the optimization only considers
a finite horizon of H ∈ N days. Within these H days,
the optimization framework computes the optimal amount of
irrigation and which agent delivers water to which field.

In order to take into account a shrinking horizon when t ∈ T
is close to T , we make use of Ht := min{H, T − t} instead of
H in the remainder. Let HH

t := {t, t+1, . . . , t+Ht −1} denote
the label set of prediction steps in the (receding) horizon for
time t ∈ T . In the formulation of the optimization problem,
we use the subscript “h|t” (e.g., Dh|t ) to denote the value of a
parameter at time h ∈ HH

t , when the optimization is performed
at t ∈ T .
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In the remainder of this section, we will first adapt the
objective function (2) such that it can be used in the MPC
setting, followed by the required adaptations to the allocation
constraints.

A. Adaptation of the Objective Function

We adapt (2) to the following objective function that is to
be maximized at each time t ∈ T :

Jt = π� ∑
j∈M

x j
T |t − T − t

Ht

×
∑

h∈HH
t

(
σ� Ah|t

[
1m

0v

]

+ρ 1�
n Dh|t 1m +

∑
s∈S

Tr

(
As

h|t E
(

As+1
h+1|t

)�))
(12)

where we define AS+1
h|t := A1

h+1|t and AS+1
t+H |t := 0n×(m+v).

Since we are optimizing over a finite horizon, we have made
the following two modifications: 1) a prediction x j

T |t at time t
for the yield at the end of the season and 2) a multiplication
of (T − t)/Ht of the resource costs in the prediction horizon.
We now elaborate on each of these choices separately in
Sections V-A1 and V-A2.

1) Prediction of the Yield at the End of the Season: If we are
optimizing over a finite horizon that does not include the end
of the season, then our approach requires an estimate of x j

T |t ,
the state at the end of the season. We will use the following
insights in order to obtain such an estimate.

First, for all j ∈ M, h ∈ HH
t , let x̃ j

h be such that x̃ j
t = x j

t

and x̃ j
h+1 = x̃ j

h + G∗(x̃ j
h , τ

j
h|t , i j

h|t ). The maximum possible
growth (i.e., there is a complete absence of water stress) for
field j ∈ M during the considered prediction horizon is then
equal to

G j
◦ =

∑
h∈HH

t

G∗
(

x̃ j
h , τ

j
h|t , i j

h|t
)
.

Second, let x j
t,min denote the prediction at t ∈ T of the

state at T if there would be no growth during the prediction
horizon and optimal growth afterward: θ

j
h = 0, h ∈ HH

t and
θ

j
ι = 1, ι ∈ {t + Ht, t + Ht + 1, . . . , T }. Similarly, let x j

max

denote the maximal possible yield, which can be achieved in
complete absence of waterstress during and after the prediction
horizon, i.e., θ

j
ι = 1, ι ∈ {t, t + 1, . . . , T }.

The proposed estimate of x j
T |t is then linear in the θ

j
h|t for

h ∈ HH
t , j ∈ M

x j
T |t = x j

t,min+
(

x j
t,max−x j

t,min

)∑
h∈HH

t
θ

j
h|t G∗

(
x̃ j

h , τ t
h|t , i j

h|t
)

G j◦
.

(13)

Remark 2: For a further interpretation of this, let us recon-
sider the crop growth model LINTUL2 as given in Remark 1.
Assuming that the LAI does not change much during the

prediction horizon, then

x j
T |t ≈ x j

t,min +
(

x j
t,max − x j

t,min

)∑
h∈HH

t
θ

j
h|t Qh|t

G j◦
.

The fraction can therefore be interpreted as an average
of the reduction in growth, weighted according to the solar
irradiation. If we furthermore assume that Qh|t does not
change much in the prediction horizon, then the fraction is
approximately equal to the average θ

j
h|t over the prediction

horizon.
2) Scaling of Resource Costs: Since we are interested in

the profit over the entire season, we must not only give a
prediction of the yield at the end of the season, but also
a prediction of the resource costs in the remainder of the
season. The assumption we used in the adapted cost (12)
is that the resource costs during the prediction horizon are
indicative of the resource costs over the entire remainder of
the growing season. In fact, we assume that the daily average
within the prediction horizon is equal to the daily average over
the remainder of the season. Hence, the resource cost during
the prediction horizon is multiplied by (T −t)/Ht . Note that if
t ∈ T is such that T −t ≤ H , then the factor (T −t)/H should
be equal to one and hence the introduction of Ht in (12).

B. Adaptation of Constraints

1) Allocation and Refilling Constraints: The adaptation of
the essential allocation constraints is rather straightforward and
we obtain

Ds
h|t ≤ diag

(
d̄

)
As

h|t

[
Im

0v×m

]
(14a)

As
h|t 1m+v = 1n (14b)

for all h ∈ HH
t and s ∈ S.

As with the essential allocation constraints, the adaptation
of the refilling constraints (7)–(9) follows readily and we have,
for all s ∈ S, h ∈ HH

t :

cs+1
h|t = cs

h|t − Ds
h|t 1m + Rs

h|t 1v (15a)

0n ≤ cs
h|t ≤ c̄ (15b)

0n ≤ c1
H+1|t ≤ c̄ (15c)

Rs
h|t ≤ As

h|t

[
0m×v

diag(r)

]
(15d)

where c1
t|t = ct−1 (i.e., the current inventory) and furthermore

cS+1
h|t = c1

h+1|t (16a)

DS+1
h|t = D1

h+1|t (16b)

RS+1
h|t = R1

h+1|t . (16c)

2) Water Dynamics: In order to model (11), we use the
substitution of w

j
t to w

j
h|t for t ∈ T , h ∈ HH

t and j ∈
M. However, for ease of computation, we also replace the
min-function by a set of linear constraints. For brevity of
notation, let z = w

j
h|t + d j

h|t + p j
h|t − v

j
h|t , then (11) (with

the aforementioned substitutions), can be rewritten as

w
j
h+1|t = min

{
z, f c j

} = z − max
{
z − f c j , 0

}︸ ︷︷ ︸
=:ε j

h|t

. (17)
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The max-function can be modeled alternatively by introduc-
ing the three constraints

ε
j

h|t ≥ 0 (18a)

ε
j

h|t ≥ z − f c j (18b)

ε
j

h|t
(
ε

j
h|t − z + f c j

)
= 0. (18c)

The complementarity condition (18c) ensures that either
ε

j
h|t = 0 or ε

j
h|t = z − fc j . Interestingly, (18c) can be

removed in the optimization problem, while still satisfying
ε

j
h|t = max{0, z − fc j}, as explained next. The water level

w
j
h|t has a linear effect on the objective function through θ

j
h|t

and x j
T |t . A larger ε

j
h|t would yield a lower water level, which

can only have negative effects on the crop growth in the
long term (see Fig. 1). Hence, we set ε

j
h|t to be optimization

variables in our framework and remove the complementarity
constraint (18c) as the optimal solution will have the smallest
value of ε

j
h|t that satisfies (18a), (18b), thereby automatically

satisfying (18c) without having to impose it. This value for
ε

j
h|t will be equal to the true maximum. This effect has been

verified for the discussed framework and no violations of these
constraints were observed in the simulation results presented
in Section VI. In summary, we model the water dynamics as
follows:

w
j
h+1|t = w

j
h|t + d j

h|t + p j
h|t − v

j
h|t − ε

j
h|t (19a)

ε
j

h|t ≥ w
j
h|t + d j

h|t + p j
h|t − v

j
h|t − f c j (19b)

ε
j

h|t ≥ 0. (19c)

3) Soil Water/Crop Interactions: In order to model θ
j

h|t for

w
j
h|t ≥ wp j , we use a similar approach as in Section V-B2

above. It is evident from Fig. 1 that, for w
j
h|t ≥ wp j , it holds

that

θ
j

h|t = min

{
1,

w
j
h|t − wp j

cr j
h|t − wp j

}
= 1 −

η
j
h|t :=︷ ︸︸ ︷

max
{

0, cr j
h|t − w

j
h|t

}
cr j

h|t − wp j

for all t ∈ T , h ∈ HH
t and j ∈ M. Similar to how we

replaced the max-function in (17) with ε
j

h|t , we introduce the

auxiliary variable η
j
h|t to represent max{0, cr j

h|t − w
j
h|t }. This

can be written to be identical to the constraints

η
j
h|t ≥ 0 (20a)

η
j
h|t ≥ cr j

h|t − w
j
h|t . (20b)

and the complementarity constraint

η
j
h|t

(
η

j
h|t − cr j

h|t + w
j
h|t

)
= 0. (21)

Note that θ
j

h|t appears linearly in the objective function

through x j
T |t . A smaller value of θ

j
h|t , and thus a larger value

of η
j
h|t , has a reducing effect on the objective function. Hence,

the optimal solution will have the smallest η
j
h|t satisfying (20)

and thus satisfy (21) automatically. Hence, we can remove

the complementarity constraint without changing the optimal
solution. Then, for w

j
t ≥ wp j

θ
j

h|t = 1 − η
j
h|t

cr j
h|t − wp j

. (22)

The critical water level cr j
h|t is dependent on the evap-

otranspiration of the crop and, hence, it is dependent on
several crop states and weather effects such as temperature and
solar irradiation. This would imply that (22) is a non-linear
constraint. However, we can find a representable value of the
critical water level within the prediction horizon by using
x̃ t

j , i.e., by replacing cr j
h|t in (22) by cr j

t (x̃ j
h , v

j
t , p j

t , τ
j

t , i j
t ).

This substitution makes the constraint linear (θ j
h|t and η

j
h|t are

the only remaining decision variables). In cases where it is
unlikely that the water level reaches levels below the wilting
point (i.e., w

j
h|t < wp j ), the constraints (20), (22) suffice to

model the dependence of θ
j

h|t on w
j
h|t as shown in Fig. 1.

C. Implementation of Control Framework

The workings of the control framework are summarized in
the following algorithm.

Algorithm 1 (Irrigation control framework): For each time
t ∈ T , the following tasks are to be performed in order.

1) Obtain the current states x j
t of all fields j ∈ M.

2) Obtain the weather predictions required for the predic-
tion model (temperature, irradiation, and precipitation).

3) Compute, for all j ∈ M, G j◦, x j
t,min, x j

t,max, v
j
h|t , and cr j

h|t
(see Section V-A1).

4) Maximize (12), subject to (13)–(16), (19), (20), and (22).
5) Execute according to As

t|t , Ds
t|t and Rs

t|t , s ∈ S.
6) Repeat for the next day.

The optimization problem in step 4 is a mixed-integer
bilinear problem (MIBP). It becomes a mixed-integer linear
problem (MILP) if we do not take into account agent travel
costs (i.e., E is the zero matrix).

VI. PERFORMANCE ANALYSIS

A. Case Study Over 33 Years

The framework as described in Section V was implemented
into MATLAB [29] and the optimization problem was solved
on a notebook with a 2.60-GHz Intel Core i7 processor and
8 GB of RAM, using SCIP [30] and YALMIP [31]. We used
the validated and realistic LINTUL2 [5], [32], [33] as the
prediction model. We consider the crop spring wheat and the
crop parameters used are the standard, validated ones that
come with the LINTUL2 model [32]. The “real” dynamics
of the field were simulated also using LINTUL2. However,
several soil/water parameters (such as fc j and wp j ) of the
real fields were perturbed (at most 10%) from the values of
the prediction model in order to introduce heterogeneity in
the field and model mismatch. Further heterogeneity in the
fields is introduced by selecting a priori a constant growth
reducing/improving factor per field as opposed to the ideal
setting given by the prediction model. These factors range
from 0.8 to 1.2 with an average of 1.0. Both the growth
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reducing factors and the change in parameters are unknown
to the optimization solver. Weather data are obtained from
1966 to 1998 (33 seasons) and the location is Eelde, The
Netherlands [32]. The weather used in the prediction step of
the framework is perturbed from the weather data. Similar as
in [25], this weather perturbation is done using a first-order
linear autoregressive model with the same lag 0 and lag
1 correlations between the weather states as the historical data,
see [34].

The system of consideration in this case study consists of
N = 5 agents and M = 100 fields of equal area, and v = 1
store. Agents can be allocated S = 2 times per day and the
prediction horizon is H = 12. Furthermore, T = 160, π =
500, ρ = 1, σ = 5001n, d̄ = 100. We consider x j

t to be the
mass of the storage organ (“weight storage organ” or “WSO”
in LINTUL2) to represent the yield at the end of the season.

The objective function could represent the economic profit
and ρ could have, for instance, the unit of $/liter water (similar
for π and σ ). However, the objective is not only strictly
financial as some parameter tuning can be done in order
to balance the estimate of the “true” economic profit and
other effects such as penalizing excessive agent movements
beyond economic reasons. Introducing currency can therefore
be misleading and is therefore omitted here.

We compare our framework in this setting to the following
heuristic, which is based on [35]. If the water level is below
the critical water level (i.e., w

j
t ≤ cr), then 30 mm of water

is applied to field j ∈ M at day t ∈ T . If this happens to
more than nS fields, then the nS fields with the largest WSO
at that time are irrigated. We do not take into account the
travel costs (i.e., E = 0m+v×m+v ) and refilling constraints in
this case study in order to have a fair comparison between the
proposed framework and the heuristic.

B. Results

Over the 33 considered seasons, the value of the objective
function is on average 5.31% higher when using the MPC
compared to the heuristic, with a maximum of 18.3% in 1967.
The objective function for the MPC was smaller than the
heuristic in three seasons, but only by a negligible amount,
namely 0.8% in 1972, 0.3% in 1990, and 0.7% in 1995. Note
that the heuristic does not take into account all allocation con-
straints and violations in maximum delivery rate were present.
Fig. 2 shows an overview of the objective function increase of
the MPC scheme and Table I shows the performance compared
over the years.

Fig. 3 shows several more details of the results. On average
over the 33 seasons: the WSO is 5.29% larger with the MPC
compared to the heuristic, while the MPC uses 5.17% less
water. These are significant improvements in the domain of
agriculture.

The bottom two graphs in Fig. 3 also show the “water
use efficiency” ηw and the “irrigation moment efficiency” ηi .
We have defined these to be equal to, respectively

ηw =
∑

j∈M x j
T

1�
n

∑
t∈T Dt 1m

and ηi =
∑

j∈M x j
T

1�
n

∑
t∈T At

[
1m

0v

]

Fig. 2. Histogram of the relative increase of the objective function value of
the MPC relative to the heuristic.

TABLE I

ANNUAL AVERAGE PERFORMANCE COMPARISON FOR

100 FIELDS, FIVE AGENTS, ONE STORE

for each year. That is, they are the total WSO divided by
the total amount of irrigation and the total WSO divided
by the total number of agent allocation. On average over
the 33 seasons, the water use efficiency for the MPC is
11.64% higher than for the heuristic and the irrigation moment
efficiency is 11.7% higher. Calculation times for the MPC were
on average 3 min and at most 20 min for a single day, which
allows for practical implementation on a daily basis.

The year with the most irrigation and most agent allocations
(irrigation moments) is 1996, which is also the year with
the least amount of precipitation. In 1972, 1979, and 1998,
the opposite was true: there was a lot of rain and hence only
a handful of irrigation moments were required. In those years,
the performance of the MPC is only marginally better than the
heuristic. In general, the relative benefit of the MPC is low in
extremely wet years and high in extremely dry years.

C. Traveling Costs

In order to demonstrate the traveling costs, we have done a
numerical study over five seasons (1977–1981). We simulated
the case of N = 2 agent and M = 25 fields. Furthermore,
π = 100, ρ = 1, σ = 10 1n , and the remaining parameters
are the same as discussed in Section VI-A. We studied the
case in which the 25 fields are arranged in a 5-by-5 grid and
that the distances are given based on their central locations.
For example, field 1 and field 8 are a distance (12 + 22)1/2

apart since field 8 is one row up and two columns further.
The distance from the fields to the virtual field is assumed to
be equal to 2 and [E]ii = 0 for all i ∈ M+.

For each season, we used our framework to optimize the
objective function both with and without the traveling costs,
in parallel. Table II shows several results. It is evident that
including the traveling costs induces an additional punishment
on the number of agent allocations (i.e., besides the costs
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Fig. 3. Simulation results over various years. Here, “average” denotes the
average over all fields. There was a lot of rain in 1972 and hence only a
handful of irrigation moments were required. For visual clarity, the values for
the efficiencies were omitted in this graph for 1972. The values for water use
efficiency are 74.94 and 37.04 for the MPC and heuristic, respectively. The
values for the irrigation moment efficiency are 1 002 and 1 111 for the MPC
and heuristic, respectively.

TABLE II

PERFORMANCE COMPARISON WHEN TAKING INTO ACCOUNT TRAVELING
COSTS RELATIVE TO NOT TAKING TRAVELING COSTS INTO ACCOUNT.

ANALYSIS FOR 25 FIELDS, TWO AGENTS, ONE STORE

induced by σ ). This also shows in the results: in three out
of five seasons there were significantly less agent allocations
when taking traveling costs into account. In all five seasons,
the traveling costs where indeed significantly reduced in the
optimizations with the traveling costs in the objective function.
On average, the traveling costs were reduced by 13%. The
last column of Table II shows the relative differences in the
values of the objective function. For the optimizations that
did not take into account the traveling costs, we computed the
traveling costs a posteriori and corrected the objective value
for these costs. The objective value when taking the travel
costs into account in the optimization was on average 1.26%
larger. Calculation times per day were on average 16.8 s when
not taking the travel costs into account (MILP) and 55.1 s

when we do take them into account (MIBP). The maximum
times were 180 and 236 s respectively.

VII. CONCLUSION AND FUTURE WORK

In this work, we introduced a problem of irrigation schedul-
ing in large-scale arable farming, together with a mathematical
formalization of this problem amendable for online optimiza-
tion. In particular, we introduced a model predictive control
framework in order to translate this problem into a real-time
feasible formulation. This framework is practical to use as it
can make use of a wide variety of crop growth model and it
allows many real-world constraints on the agent dynamics and
crop growth to be included. Although this article is concerned
with the delivery of water, the proposed framework could be
generalized to other resources as well.

There are several interesting directions for further
research. First, a sensitivity analysis on the effects of the
weather disturbances, crop growth model parameters, and
MPC framework parameters are of great interest to further
assess the robustness of the framework. Second, it is inter-
esting to compare the suggestions of the MPC framework to
historical data of farming practices. Both for the validation of
our framework as well as to investigate whether we can derive
better heuristics for farmers that do not use the framework.
Finally, we assume full-state information on the crops. It is
interesting to study whether the presented framework can be
adapted to be used for the allocation of sensing agents for
state estimation.

Furthermore, we presented a realistic case study based on a
well-known crop growth model (LINTUL2) and real weather
data over 33 growing seasons, in order to demonstrate the
effectiveness of the introduced framework. We introduced
both parameter uncertainties and weather uncertainties and
compared our framework to a state-of-the-art heuristic. For
the chosen parameters, we were able to obtain a 5.31% larger
value of the objective function on average. Our proposed
framework was able to generate 5.29% more yield, while using
5.17% less water. These are significant improvements that help
in tackling two global trends: to reduce water use in agriculture
whilst providing more food.
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